We theoretically consider a three-level laser with an incoherent one-way pump from a ground state into an intermediate excited state and a coherent drive into the upper laser state. The possibilities of inversionless lasing are studied. It is demonstrated that, in the case of a strong coupling with the drive laser (when its generation depends essentially on the three-level medium), the quantum properties of laser radiation can be improved by using m-quantum coherent excitation or by applying a sub-Poissonian coherent pump.
Introduction
Three-level lasing is of interest because, first, it contains some intrinsic mechanism that ensures sub-Poissonian lasing [1] automatically without some additional efforts to distinguish it from two-level lasers [2] , for example, where we need to foresee a regular pump. Second, the system is the simplest available that is able to ensure so called inversionless gain [3] . We are going to discuss both these aspects together.
A laser using a -configuration of levels and statistical properties of its radiation were considered in [1] , and it was demonstrated that there is reduction of the shot noise, but the efficiency was not very high. The strongest effect shown is the reduction by halves. It is then natural to search for a simple physical system which is able to overcome this result, and one of the extremely attractive candidates is the threelevel laser due to its ability to produce sub-Poissonian lasing automatically.
In this paper, two possible systems will be discussed. First we will propose the coherent pump which is realized by sub-Poissonian light. Obviously we can expect here some additional reduction of the laser emission noise, because, in the system as whole, in principle, the number of noise sources decreases. The same can be expected in the case when we apply the m-photon pump, because, in this case, even the Poissonian light is perceived to be sub-Poissonian.
Semi-classical approach

1. A t hre e -l ev e l l as e r m ode l
The active medium of the laser consists of three-level atoms, which are schematically shown in figure 1(a) . The laser levels are the uppermost (a) and the ground (b), and the coherent pump is in resonance with the adjacent transition (c−a) ( -configuration). To ensure lasing we must predict some incoherent one-way pump (b → c) with a rate γ b . And our last additional requirement is for the laser transition (a− b) spontaneous emission occurring with a rate γ a .
It needs to be stressed that in this configuration there is a conversion of the small frequency of the pump into the higher one of lasing. At the same time our formulae obtained for this model will be perfectly suitable for the configuration represented in figure 1(b) and thereby describe a situation with a reduction of frequency.
To implement a one-way pump (b → c) in a real situation we must take into account some additional level (d) (see figure 2 ) and some additional pump incoherent mechanisms ensuring processes
Further, in our formal equations just the model is considered. Under our theoretical description the following conceptual experiment is carried out ( figure 3 ). There are two lasers: exciting D and excited L. The first can be Poissonian or subPoissonian depending on our needs. The second is our threelevel laser. The excitation of the medium of the second laser is carried out by the intracavity field of the first one (the scheme with common intracavity space).
Let us write a ground equation for the semi-classical theory in the form:σ
Hereσ is the four-level atom density matrix (figure 2), the operatorR at ensures all the incoherent processes, the interaction Hamiltonian H I in the interaction picture is
Here l and d are the complex Rabi frequencies for the laser and pump channels, respectively:
where α l is the c-number complex amplitudes of the laser fields and α d that of the pump (or drive) field; g l,d are respective coupling constants. As is seen, the opportunity for m-quantum interaction on the transition (a−c) is taken into account within the framework of the model Hamiltonian (2). For simplicity we choose all the frequency detunings in the system to be equal to zero. Rewriting the equation in the terms of the atomic matrix elements, we have the following:
andσ
(10) Within the framework of the semi-classical theory only stationary solutions are of interest to us and that is why we can set all the derivatives over t to be equal to zero. As a result the system of differential equations is converted into a system of algebraic ones. Then, with help of equations (8)- (10) we can express all the non-zero polarizations via the population differences n ik = σ ii − σ kk in the following form:
Here
and I and I d are dimensionless intensities of the laser and drive fields which are expressed via the respective Rabi frequencies in the form:
Using equations (4)- (7) and substituting there (11)-(13), we can get a system of equations for populations:
where
Coherence of the laser transition at the threshold of generation
Now we have all the possibilities to write the required formulae for the stationary populations and polarizations in the general case. However, they are too cumbersome to discuss here; two limits are more important for us. First, to specify the mechanisms of gain, we need to know what happens at a threshold of generation (at I 1). Second, the quantum properties of the laser emission are usually the most expressive under a laser saturation condition, i.e. it is the area I 1 which is of interest to us. These two cases will be discussed in this section.
Keeping in (11) the common coefficient l and putting I = 0 in all the other places of the formula, the polarization of the laser transition on the threshold of generation can be written in the form:
One can see that a gain in the laser transition depends on two factors: on the traditional laser inversion n ab , and on the Raman inversion n cb . The inversions can be written in the explicit form on the basis of stationary solutions for populations on the threshold of generation (I 1):
From here the actual inversions read:
To conclude relative to gain we can write the laser equation for slow laser amplitude α l , which is given formally by the following:α
Here N is the number of three-level atoms which participate in lasing. For a gain we require Re(σ ab /α l ) < 0. It is possible to achieve it in different ways. For example, putting x(1 + y)I d = 1, we have the possibility of eliminating the processes connected with the Raman inversion, because according to (25) then n cb = 0. Then in the case of the three-level medium a gain can take place for both the situations with positive and negative inversion on laser transition. It is not difficult to understand that traditional laser amplification with the positive inversion n ab > 0 is achieved under conditions
At the same time the inversionless amplification with n ab < 0 takes place when
Coherency of the laser transition in the saturation regime
For our statistical study it is useful to know solutions in the regime of the laser saturation that is under I 1, I d . Keeping the highest terms we can get the following formulae:
Equation (26) provides us with the condition of the stationary generation:
Here the magnitudẽ
has a physical sense of speed of the m-photon absorption of driving light in the three-level medium in the transition (a−c).
Quantum approach
The kinetic equation for the density matrix of the laser field
In contrast to the consideration in the previous section we now assume both the laser and the drive fields are quantized and will try to construct a kinetic equation for the field density matrix. The physical system, consisting of two lasers and represented schematically in figure 3 , can be discussed theoretically as a two-mode laser with a two-component active medium and a complicated cavity. Let the matrix ρ describe a behaviour of both the modes. Putting the high-Q cavity relative to both modes we can write formally the following kinetic equation:
Here operatorsR d andR l ensure damping of the quantum field oscillators with rates κ d and κ l , respectively, and as is known in the Glauber diagonal representation, they read:
In contrast to the semi-classical approach, here α i = √ u i exp(ı ϕ i ) are not simply c-numbers but the eigen-numbers of the respective operators of annihilation of photons:
The explicit form of the operatorŜ d depends on the concrete model of the driving laser. If we, for example, wish to use for excitation of the three-level laser a two-level Poissonian laser, then the explicit form of the operatorŜ d can be found in work [4] . At the same time for the sub-Poissonian pump we can find the respective expression in work [2] . We must calculate now the operatorŜ l which describes the behaviour of the field oscillators under interaction with the three-level medium. The scheme of constructing the similar operator can be found, for example, in work [5] , where all the required details are given and here we repeat only basic points for construction.
Let the density matrixF describe the behaviour of two coherent quantum fields and a single three-level atom. Then we can write some obvious equation in the form:
Here the interaction Hamiltonian In the Glauber diagonal representation, equation (36) is rewritten in the following form. In the Hamiltonian (37) the photon operators a i and a † i are exchanged into their eigennumbers α i and α * i and to the right of the equation the additional terms arise. These terms are proportional to derivatives over the complex amplitudes α d and α l and they provide us with the possibility of constructing the iteration connected with their small magnitudes.
Next we factorize the density matrixF in the form:
where the matrixσ is the atomic one describing the behaviour of our three-level atom in two 'classical' fields (in theconfiguration) with amplitudes α d and α l and this matrix obeys equation (2) . The matrix
is the field matrix for which we are trying to construct the kinetic equation, andπ is the correlation matrix with property Trπ = 0. The factorization allows us to write the system of three equations for the matricesσ ,π and ρ instead of the single initial equation (36).
As is known, we have the possibility of constructing the kinetic equation for the field sub-system provided the atomic sub-system is developed much faster. This means that in the equations for ρ andπ, which are dependent on the matrix σ , we may choose for the matrixσ the stationary solution. Simultaneously understanding that the matrixπ that follows adiabatically to the ρ, we can substitute the stationary solution forπ into the equation for ρ too. But even the stationary solution forπ can be found only as a power series in derivatives over the complex amplitudes α d and α l . This means that in the general case the field kinetic equation contains in principle all the degrees of the derivatives. Nevertheless the obtained expressions give the possibility of calculating a development of the laser field state at the expense of a single atom. To take into account a lot of atoms we need simply to multiply the right-hand side of equation by the number of actual atoms N .
Approximation of small photon fluctuations
To make a mathematical situation simpler we can apply the approximation of small photon fluctuations in each mode. This means that we put
where n i are stationary number of photons in i -mode inside the cavity. Then selecting the photon matrix
the equation for this matrix reads:
(42) The coefficients are expressed via physical parameters in the form:
Here the parameters 0 and ξ 0 connect with the drive laser:
0 is the rate of damping the photon fluctuations there and ξ 0 is the respective statistical Mandel parameter. If we choose a sub-Poissonian laser investigated in [2] these coefficients read:
where I 0 is a dimensionless intensity of the drive and κ d is the spectral width of mode. To choose a Poissonian laser we need to put ξ 0 = 1/I 0 . So in saturation I 0 1, 0 = κ d and ξ 0 = 0 for Poissonian and ξ 0 = −1/2 for sub-Poissonian lasers.
In equation (42) the symbol {· · ·} represents all the higher degrees of derivatives relative to fluctuations ε l and ε d . We need to keep them, in principle, for non-classical fields. At the same time we will demonstrate later that they do not contribute to our output signal given by formula (50) in the next section.
Photodetecting the radiation of the three-level laser
